In this paper, we propose a new set of unbounded conditions to make the interior path following method able to solve fixed point problems with both inequality and equality constraints in a class of unbounded nonconvex set. Under suitable assumptions, we give a constructive proof of the existence of interior path leading to the solution point of this class of fixed point problems.
Introduction
It is well known that fixed point theorems have been widely applied to many areas such as mechanics, physics, transportation, control, economics, and optimization. Many important research results can be found in the literature in the past years (see [-] , etc. and the references therein). In , Kellogg et al. (see [] ) gave a constructive proof of the Brouwer fixed point theorem and hence presented a homotopy method for computing the fixed points of a twice continuously differentiable self-mapping (x). From then on, this method has become a powerful tool in dealing with fixed point problems (see [-] , etc. and the references therein). In general, these results in the literature require certain convexity assumptions, and it is difficult to reduce or remove these assumptions. However, the general Brouwer fixed point theorem does not require the convexity of the subsets in R n , certainly it is also very interesting and important to give a constructive proof of it and hence solve fixed point problems numerically in general nonconvex subsets. In , Yu and Lin [] proposed a homotopy interior path following method to complete this work on a class of nonconvex subset satisfying the normal cone condition, which is a generalization of the convexity. In [] , by introducing (A  ) X  is nonempty and X is bounded;
, and z j = , j = , . . . , l; (A  ) (the weak normal cone condition of X) for any x ∈ X, we have
Then for any C  mapping (x): R n → R n satisfying (X) ⊂ X and for almost all
{} is nonempty, and the x-component of any point in T is a fixed point of F(x) in X, where P
In [] , the global convergence of the algorithm is obtained under the assumption that the subset is bounded. To remove the boundednesss assumption, we present a set of unbounded conditions, under which, we are able to solve fixed point problems in a class of unbounded nonconvex set. Section  is the main part, which exhibits a convergence proof by the interior path following method.
Convergence analysis
To enlarge the scope of choice of initial points, similar to the way in [] , in this section, we still apply proper perturbations to the constrained functions g i (x), i = , . . . , m, and introduce the parameter
Now we construct the homotopy equation as follows:
where e = (, . . . , )
This section is devoted to solving fixed point problems in unbounded sets. To this end, we introduce the concept of infinite solutions in [] . The fixed point problem is said to have a solution at infinity, if the sequences {x (k) } satisfy the following conditions:
Then we replace the original assumption (A  ) by the following unboundedness assumption:
is nonempty; fixed point problems have no infinite solutions and for any given
The corresponding assumptions to assumptions (
, and z j = , j = , . . . , l; (A  ) (the weak normal cone condition of X()) for any x ∈ X(), we have
(A  ) for any x ∈ X(μ), ∇h(x) is of full column rank and ∇h(x) T β(x) is nonsingular.
For a given P () , rewrite H(P, P () , μ) as H P () (P, μ). The zero-point set of H P  is
The inverse image theorem tells us that, if  is a regular value of the map H P () , then H - P () () consists of some smooth curves. The regularity of H P () can be obtained by the following lemma. Proof If not, then there exists a sequence of points {(
It is easy to show that the following inequality holds:
Then we have
i.e.,
By (), we have
which contradicts assumption (A  ).
With the preparation of the previous lemmas, we can prove the following main theorem on the existence and boundedness of a smooth path from a given point x () in R n to a fixed point. This proof implies the global convergence of the path following algorithm. () (existence of the fixed point) F(x) has a fixed point in X;
And when μ(s) → , P(s) tends to a point P
Proof Denoting the Jacobi matrix of H(P,
, we obtain Then it is easy to show that ∂H P () (P () , )/∂P is nonsingular. This fact implies that P () is diffeomorphic to a unit interval. Let (P * , μ * ) be a limit point of P () , then the following cases may be possible:
(a) (P * , μ * ) = (x * , y * , z * , μ * ) ∈ X(μ * ) × R As for how to trace numerically the homotopy path, there have been many predictorcorrector algorithms; see [] , etc. for references. Hence we omit them.
